Abstract-A generalized equivalent circuit model for waveguide transverse slots is proposed for the efficient analysis of waveguide transitions and waveguide slot antennas and slot-excited antennas. The transverse slots on the broad and end waveguide walls analyzed in this paper are decomposed into three structures: two apertures and an auxiliary waveguide section. The slot aperture in the host waveguide is modeled as an inductance-capacitance-transformer (LCT) combination, for which the equivalent inductance and capacitance are determined by first considering the case of zero-thickness slot, then the transformer turns ratio is calculated for the slot on a finite thickness wall. The effect of the wall thickness is accounted for by a waveguide section having cross-sectional dimensions equal to those of the slot, and length equal to the wall thickness. The loaded slot aperture is modeled along with the external load as a lumped load impedance. Expressions for the inductance, capacitance and transformer turns ratio are obtained in terms of the slot length and width. The obtained expressions facilitate the design of a variety of structures, including waveguide couplers, feeding networks and radiators. The equivalent circuit model proved to be accurate compared to the method of moments solution over a wide frequency band. Comparison of the scattering parameters obtained from the circuit analysis, the method of moments, and the finite-difference time-domain solutions exhibit very good agreement. 
INTRODUCTION
Efficient and accurate analysis of finite arrays using equivalent circuit methods requires accurate modeling of the individual array elements. The availability of powerful circuit simulators, such as Agilent Advanced Design System (ADS) [1] , motivates the development of equivalent circuit models for the array elements in order to take full advantage of the features provided by such simulators, not only to facilitate the design procedure, but also to gain more insight in the impact of the various design parameters on the system response. As array elements, waveguide slots were extensively studied [2] [3] [4] [5] , and various algorithms were proposed to design small or large slot arrays [6] [7] [8] . Recently, waveguide slots were used as an excitation mechanism, coupling the microwave power supported by the waveguide to an external radiator, such as a dielectric resonator antenna [9] . For such problems, an equivalent circuit model for the feeding structure, viz. the waveguide and the slot, can make the design process easier and more feasible, and facilitates the transition from the element analysis to the array analysis [10] .
In previous work [11] , the authors have proposed a simple LC equivalent circuit model for a waveguide slot coupler, where the circuit parameters were found to be constant over the whole frequency band of interest. Although the equivalent circuit of [11] produced results that are in excellent agreement with the full-wave analysis results, the model has a number of shortcomings: (a) the inductance and capacitance are functions of the slot thickness (the thickness of the wall where the slot exists) and the constitutive parameters characterizing the slot filling material, (b) the circuit parameters are functions of the dimensions and material parameters of both coupled waveguides, and (c) the model was only applied to coupling problems of two identical waveguides. The latter point is a major shortcoming in that model, as the main motivation behind the development of such model is alleviating the difficulties in the analysis of waveguide slot antenna arrays and waveguide slot-excited arrays of other radiators, such as dielectric resonator antennas [9] . The dependence of the equivalent circuit on the external load does not allow separate analysis of the feeding network and the array, which tremendously increases the difficulty of accurate design of such arrays.
In this work, a generalized equivalent circuit model for waveguide slots is presented, where the slot is viewed as three separate structures, namely, an aperture in the host waveguide, a waveguide section (the wall thickness), and an aperture loaded by some external load as shown in Fig. 1 . The aperture in the host waveguide is modeled as an LC combination, of which the element values are functions of the aperture dimensions (the slot length and width) and the parameters of the host domain (the waveguide dimensions and material). The LC combination is coupled to the waveguide section by means of a transformer. In the special case of a slot coupler, the loaded aperture can be represented by an LC circuit. In general, however, the external load (the aperture and the external region) is modeled by some impedance, the value of which is determined by some algebraic manipulations on the pertinent MoM matrix. The proposed equivalent circuit outdoes the previous model in the fact that the parameters of the slot aperture equivalent circuit are not functions of the wall thickness or the load on the other side of the slot, and that the model can be used to solve problems with various loads on the other side of the slot with the same parameters obtained for the aperture in the waveguide.
In Section 2, brief description of the MoM solution will be given along with the algorithm of extracting the equivalent circuit parameters for a slot in zero-thickness walls. An extended model is subsequently developed in Section 3, where an auxiliary waveguide section is added to account for the wall thickness, and a transformer is introduced to achieve the proper impedance scaling between the main waveguide and the auxiliary waveguide section. The treatment of problems involving arbitrary loads excited by a waveguide slot is described in Section 4. In Section 5, results illustrating the application of the developed equivalent circuit models to a variety of problems are provided. Further conclusions are discussed in Section 6.
EQUIVALENT CIRCUIT MODEL FOR THE SLOT APERTURE: ZERO-THICKNESS WALL
In order to extract the circuit model parameters for the slot aperture in the host waveguide, the symmetric problem of a slot coupling two identical waveguides is considered. It is important to notice that the circuit parameters that will be obtained are not limited to analyzing the special case of two identical waveguides. It will be shown in the sections to follow that this model is indeed independent of the external load, and will thus be used in the analysis of other structures.
Following the same procedure outlined in [11] , the scattering parameters for the transverse broad wall slot coupler depicted in Fig. 2(a) are computed, upon obtaining the MoM solution, as a ratio of the scattered to the incident field. Thus, the scattering parameter S 11 may be obtained as
where H s 10 and H i 10 are the scattered and incident magnetic fields of the waveguide dominant mode, and z = z 1 is the reference plane of port 1.
The symmetry of the structure naturally suggests a symmetric equivalent circuit model as shown in Fig. 2(b) , where every aperture (side) of the slot is modeled as an LC parallel combination, in contrast to the model proposed in [11] . The analysis of the circuit in Fig. 2 (b) yields a reflection coefficient given by
where Z g is the waveguide characteristic impedance based on the power-voltage definition defined by
where
is the cutoff frequency of the waveguide dominant mode. Using the value of S 11 from (1) at two frequency points, the equivalent inductance and capacitance of the slot aperture may be found as
Alternatively, the values of L and C may be obtained as an optimum solution for a number of frequency points. The turns ratio T for the transformers shown in Fig. 2 can assume any value for the case of zerothickness wall, since their effects annihilate one another and there is no change in the impedance definition in either waveguide. A similar procedure may be followed to determine the circuit parameters for the centered horizontal end wall slot coupler shown in Fig. 3(a) . From the equivalent circuit model of Fig. 3(b) , the scattering parameter S 11 is given by
Figure 3. Horizontal end wall slot coupling two waveguides: (a) original problem, and (b) equivalent circuit.
and the expressions for the inductance and capacitance in this case will be the same as in (4), but with σ(ω) defined as
The values obtained for the inductance and capacitance of the waveguide slot aperture can thus be used in the analysis of other problems, where the external load is not necessarily another identical waveguide. For example, the problem of a T-junction coupler shown in Fig. 4 can be solved using the models for the transverse and horizontal slot obtained using the above-mentioned approach. This suggests that viewing the slot as two separate apertures, each in its own environment, is justifiable. The values of the transformer turns ratios used in the equivalent circuits are obtained through the analysis of the problems with finite wall thickness as described in the next section.
EFFECT OF WALL THICKNESS
In the case of finite-thickness walls, a waveguide section of length t equal to the wall thickness is added to the equivalent circuit model using the waveguide components in ADS [1] as shown in Fig. 5 for the case of the transverse slot coupler. Here, the transformer ratio T should be assigned a value that accounts for the change in impedance definition from one domain to the other. From the analysis of the Tjunction problem of Fig. 4 , with the secondary waveguide having the same cross-sectional dimensions as the slot, i.e., a 2 = l and b 2 = w, an approximate expression for the transformer turns ratio may be found as
Equivalent circuit model for a transverse slot coupler in thick wall. Figure 6 . Equivalent circuit for the T-junction problem used to estimate the transformer turns ratio.
where f res = 1/(2π √ LC) is the slot resonance frequency. An interesting phenomenon that can be easily explained in terms of the equivalent circuit model (shown in Fig. 6 ) for the case where the secondary waveguide has the same dimensions as the slot is the total reflection that occurs while varying the source frequency at a frequency higher than the slot resonance frequency and lower than the cutoff frequency of the secondary waveguide. In view of the equivalent circuit, the inductive impedance of the waveguide below cutoff reduces the overall inductance of the resonant circuit, and thus increases the overall resonance frequency. After cutoff, the secondary waveguide impedance exhibits resistive behavior, with relatively small value compared to the main waveguide impedance, and thus most of the power is transmitted through the main waveguide. This can be readily seen by considering the reflection coefficient at port 1 of the circuit of Fig. 6 , given by
From (9), S 11 will equal unity, at the frequency that makes T 2 Y p Z s equal to −1. At this frequency, the circuit made up of the slot inductance and capacitance and the waveguide inductive impedance will resonate, resulting in an open-circuit between ports 1 and 2 in Fig. 6. 
EXCITATION OF ARBITRARY LOAD
Waveguide slots are often used to excite loads for which an equivalent circuit might not be easily constructed in contrast to waveguide loads. Thus, a general approach is to assume that this load is modeled by the MoM matrix, for which the order is equal to the number of unknowns on the slot. Assuming that the excitation (the tangential magnetic field on the lower surface of the slot loaded aperture) is known, then the problem for the external load shown in Fig. 1 may be reduced to the matrix form using the standard MoM procedure as
where Y ext and I are the MoM matrix and excitation vector, respectively. For the equivalent circuit model shown in Fig. 7 , only one of these unknowns (voltages) need to be incorporated in the circuit to model the load as per the compensation theorem, or equivalently a load impedance that will maintain the same load voltage in the circuit.
Assuming that the center unknown (voltage) V N +1 2 is an appropriate representation of the external load, the solution of (10) provides a good estimate for the load impedance as
where Z ext = (Y ext ) −1 , and N (odd) is the number of unknowns on the slot. However, to take into consideration the interaction between the slot voltages, and assuming that the excitation is almost uniform for transverse slots, a better estimate for the load impedance may be computed as the average of the center row of Z ext , i.e., Figure 7 . Arbitrary load excited by the waveguide slot.
RESULTS
To illustrate the generality of the models obtained for the transverse and horizontal waveguide slots, Figs The total reflection phenomenon that is expected to happen for the T-junction in the case of a secondary waveguide having the same size as the slot can be seen in Fig. 11 , where S 11 peaks approximately at 9.37 GHz, a frequency higher than the slot resonance frequency and lower than the cutoff frequency of the secondary waveguide cutoff frequency, which are 8.80 GHz and 9.375 GHz, respectively.
An example where the load is not modeled using lumped circuit elements is that of waveguide slots radiating in free-space or exciting another radiator, such as a dielectric resonator antenna. Fig. 12 compares the scattering parameters of a transverse slot radiator obtained using the treatment outlined in Section 4 and the MoM solution of the whole problem. It is interesting to notice that the turns ratio T 2 that couples the auxiliary waveguide to the external load is virtually constant and approximately equal to 0.82 independent of the slot dimensions, the number of unknowns on the slot, or the nature of the external load. This was verified by considering a variety of loads including different waveguides, free-space, and dielectric resonators. A comparison with measured return loss for a transverse slot on the broad wall of a short-circuited waveguide is shown in Fig. 13. In Fig. 14 , the scattering parameter S 11 is depicted for the case of a stacked dielectric resonator antenna excited by a centered transverse slot with different materials filling the slot. The antenna is made up of two circular disks having the same axis of symmetry. The lower disk has a radius, height and relative permittivity of 6.5 mm, 5.5 mm, and 4.1, respectively, and the respective upper disk parameters are 3.5 mm, 2.8 mm, and 12.3. The slot is centered with respect to the waveguide broad wall and the dielectric disks.
The variation of the equivalent inductance and capacitance of a centered transverse broad wall slot aperture in an X-band waveguide with the slot length and width are depicted in Fig. 15 . Similar curves for a centered horizontal end wall slot are shown in Fig. 16 . Using curve-fitting techniques, expressions for the normalized inductance and capacitance as a function of the slot length and width were obtained as 
where the coefficients Λ and Ψ are given in Table 1 . For the transformer turns ratio, it was found that it is the same for centered transverse and horizontal slots, and is only function of the slot length, i.e., independent of the slot width (for narrow slots). An approximate expression for the normalized turns ratio is given by
These expressions can significantly facilitate the analysis and design of a variety of problems involving the use of slot arrays. Consider the problem of a waveguide power distribution network shown in Fig. 17 , where the power in the main waveguide is distributed with desired ratios among the secondary waveguides through slots of unknown dimensions. Using the optimization feature in ADS [1] with the slots dimensions being the optimization parameters, and the equivalent circuit parameters tied to the slot dimensions using (13) and (14), the slot dimensions can be determined. As an example, with the optimization goal being uniform power distribution between 3 X-band secondary waveguides at 10 GHz, the slot lengths were found to be as Table 2. given in Table 2 , assuming constant slot widths. The spacing between the slots is 40 mm, which is approximately equal to one waveguide wavelength at 10 GHz, and the wall thickness is 1.27 mm. Once the circuit parameters are known, the performance of the device at the whole frequency band of interest may be obtained from the circuit analysis. Comparison between the scattering parameters obtained from the circuit analysis and an FDTD-based commercial software [12] is shown in Fig. 18 . 
CONCLUSION
An LCT equivalent circuit model for waveguide slots was proposed and results obtained from the circuit analysis exhibited very good agreement with the full-wave solution over the entire band of interest.
The use of this model to solve a variety of waveguide coupling and radiation problems was illustrated by the analysis and design of a number of waveguide slot-based structures. Many tests were considered to verify the validity of the circuit model, and it was shown that varying the wall thickness or the parameters of the material filling the slot can be accounted for by adjusting the parameters of the auxiliary waveguide section, while keeping the slot equivalent inductance and capacitance unchanged. Modeling of arbitrary loads through some algebraic manipulations on the pertinent MoM matrix was also studied. Problems involving slot arrays were also considered, where the formulas for the slot parameters were employed to facilitate the synthesis problem. It is worth mentioning that the problems involving coupled external loads, which is the case for slot antenna arrays and arrays of slot-excited dielectric resonators, were not considered in this work, as they require taking the effect of the external mutual coupling; a problem that is beyond the scope of this paper. However, the use of the multiport Z-parameter matrix model is expected to properly characterize the coupled external loads.
The proposed modeling scheme can be extended to other slot configurations, such as longitudinal and compound slots, provided that the proper equivalent circuits are employed. 
